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Abstract. Let X(A) be the real toric variety associated to a smooth fan A. The main 
purpose of this article is: (i) to determine the fundamental group and the universal cover 
of X(A), (ii) to give necessary and sufficient conditions on A under which 7t\ (X(A)) 
is abelian, (iii) to give necessary and sufficient conditions on A under which X(A) is 
aspherical, and when A is complete, (iv) to give necessary and sufficient conditions for 
t° be a K(n, 1) space where ^ is the complement of a real subspace arrangement 
associated to A. 
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0. Notations 

N ^ Z",M = Hom(JV,Z) and (,} = the dual pairing. 
Nu = N(g) z M.. A = smooth fan in A^r; cj and T denote cones in A. 
Let a be a cone in A. S a = c v DM = {u G M : (u,v) > V v e a}. 
A(k) = cones of dimension k. A(l) are the edges and #A(1) = d. 

A(l) = {p\,p2, ■ ■ ■ ,Pd}- Let Vj be the primitive vector along pj then, (v;, , . . . ,V;.) denotes 
the cone spanned by {v ;i , . . . , V;. }. 

(U a ) c = Uom sg (S a ,C),U a = Hom sg (S a , M) and (U a ) + = Hom. sg (S a , M + ) V a e A where 
M + = K + U {0}. Here, Hom sg denotes the semigroup homomorphisms which sends to 1 . 
X = smooth real toric variety of dimension n associated to A. 
Xc = the complex toric variety whose real part is X. 
X + = the non-negative part of X. 

T 2 := Hom(M, Z 2 ) ^ T M := U {0 } = Hom(M, M*);7c := Hom(M, C*); T+ := Hom(M, 
For every o G A,x a G U a is a distinguished point defined as: 



x a (u) 



1 V m g a x 
otherwise 



O r = orbit of x T under the action of T ~ (M*)" and V (t) = O t 
Stab(x T ) = stabilizer of x t under the action of T 2 . 



(O x )+ = orbit of x z under the action of (R+)" and V(t)+ = (O r ) + . 
W(A) =(sj: j = l,2,...,d | Sj'A<j<d, {sisj) 2 whenever (vi,vj) G A). Then, W(A) 
is a right-angled Coxeter group associated to A. In many places when the context is clear, 
we shall denote W(A) simply by W. 

Sn '■= (Nr — {0})/]R > o be the sphere in i% and let % : i% — {0} — > Sn be the projection. 
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1. Introduction 

Let A be a smooth fan in the lattice N = Z". Let X(A)c be the complex toric variety 
associated to A. Let X(A)r be the real part of X(A)c which we call the real toric variety 
associated to A. We shall denote X(A)k by X(A) for convenience, as it is going to be our 
main object of study. For the definition and basic facts on real toric varieties (cf. ch. 4 
of 1 10 1 and §2 of [ 1 1 1). We mainly follow 1 10 1 for notations and background material on 
toric varieties. 

In this paper we describe the fundamental group and the universal cover of X(A). We 
were motivated by the paper 1 8 1 of Davis and Januszkiewicz (cf. Cor. 4.5, p. 415 of 1 8 1), 
where they prove the corresponding results for the real part of a toric manifold (now also 
known as a quasitoric manifold). We show that the same results can be obtained for a 
real toric variety X(A) associated to a smooth fan A not necessarily complete, the basic 
tool being the theory of developments of complexes of groups in chapter 11.12 of 1 2 1. We 
further give necessary and sufficient conditions on A forX(A) to be aspherical, motivated 
by the recent papers of Davis, Januszkiewicz and Scott (cf. Theorem 2.2.5, p. 27 of 1 9 1), 
where they again prove similar results for a small-cover. For this purpose, we too rely 
primarily on the results of Davis [7|, however in many places we give different proofs 
using the technique of development which is consistent with the theme of this paper (cf. 
Theorem l6.1l in §6). 

Besides generalizing the previous results to the setting of a smooth real toric variety 
X(A), we give a presentation for the fundamental group K\(X(A)) completely in terms 
of the fan; furthermore, we give necessary and sufficient conditions on A under which 
7ti {X(A)) is abelian, and we also show that the torsion elements are always of order 2. 

Finally in §7, when A is complete, we relate X(A) to c €\ which is the complement 
of a real coordinate subspace arrangement in W 1 where d is the number of edges in A. 
We could call the real toric subspace arrangement associated to A. It is nothing but 
the real analogue of the complement of the complex subspace arrangement in C d , for 
which X(A)c is realized as the geometric quotient under the action of (C*) d ~ n (cf. II 161 ). 
Moreover, since ^ is homotopically equivalent to a covering space of X(A), we can 
describe its fundamental group and give conditions on A under which it is a K(n, 1 ) space. 

Finding K(n, 1) arrangements seems to be an interesting problem in topology (cf. 1151 
and 1 12 1) and we get many such examples. Similar to the results of HI 21 . in our case too it 
turns out that is K(n, 1 ) if and only if it is the complement of a union of precisely codi- 
mension 2 subspaces (cf. |4 9 1 for other results related to real subspace arrangements). 

Before we state the main theorems let us fix the following terminology: 

Let A(l) denote the edges of A,d =#A(1), and let {vi, V2, ■ ■ ■ ,Vd} denote the primitive 
vectors along the edges. We assume that {vi ,V2, • • • , v„} form a basis for the lattice N 
and let {u\, . . . , u n } be the dual basis in M. 

Let W(A) — (sj l ,---,sj d | Sj : 1 < j <d 7 (siSj) 2 whenever {v,-, vj} spans a cone in A) 
be the right-angled Coxeter group associated to A. 

We call the fan A flag-like if and only if the following condition holds for every col- 
lection of primitive edge vectors { v (1 , . . . , v, r } in A: if for every 1 < k, I < r, {vi k , v,- ; } 
spans a cone in A, then { v,, , . . . , v, r } together spans a cone in A. 
Let X(A) be a smooth and connected real toric variety. 



We now state the main results in the paper. 
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Theorem 1.1. The fundamental group %\ (X(A)) is abelian if and only if one of the fol- 
lowing holds in A. 

(i) For every 1 < i, j < d, {v,-, V/} spans a cone in A In this case, 7t\ (X) is isomorphic to 
% d - n . 

(ii) For each 1 < j <d there exists at most one i = ij with 1 < ij < n such that, {v,v , vj} 
does not span a cone in A and (w/.,Vy) = 1 mod 2. Further, for each n + 1 < k < d 
such that k =/= j we have, {ui j , v^) =0 mod 2. 

Theorem 1.2. The real toric variety X (A) is aspherical if and only if A is flag-like. 

Theorem 1.3. Let % be the complement of the subspace arrangement related to A as 
above. Then, is isomorphic to the commutator subgroup ofW(A). Further, 

is aspherical if and only if it is the complement of a union of precisely codimension 2 
subspaces. 

We prove Theorem ll.ll in §5, Theorem ll.2l in §6 and Theorem ll.3l in §7. 
In this context, we also mention that the cohomology ring with Z2 coefficients of 
smooth, complete real toric varieties and Hi (X (A) , Z) has been studied by Jurkiewicz (cf . 

GU). 

2. The universal cover of X( A) 

In this section we shall determine the universal cover and the fundamental group of X. 
For this purpose, we primarily apply the contents of pp. 367-386 of ch. 11.12 of |2|. 

We begin with the elementary topological description of a real toric variety in the fol- 
lowing proposition. The proof essentially follows from the proposition on p. 79, ch. 4 
of 1 10 1 by replacing Xq by X and S 1 by S 1 PlM ~ la- For details, also see p. 36, §3 
of CD- 
PROPOSITION 2.1. fToim 

There is a retraction, X + A X + given by the absolute value map, x \x\ from M + C 
K — » M + which identifies X + with the quotient space ofX by the action of the compact real 
2-torus, T2 = Hom(M,Z2). Further, there is a canonical mapping T2 x X + — > X which 
realizes X as a quotient space, T2 x X + j ~ where, {t,x) ~ (t' ,x') if and only ifx — x' and 
t ■ (f') _1 £ Stab(jt T ) where, x S (0 T )+. The retraction X — » X+ maps O z to {O z )+ and 
V(t) to V(t)+ and the fiber over (O t )+ is T T :— Hom(T x DM,^) which is a compact 
real 2-torus of dimension n — dim(T). 

We now observe the following property of X + . 

Lemma 2.2. X + is contractible. 

Proof. Recall that x^ } is the distinguished point of (t/r })+ — We first show that 

for every a e A, {U a )+ = Hom sf ,(S a ,^.+ ) is contractible to the point x^j G (t/{o})+ ^ 
(U a )+. This is because, (1 — t) -x + t ■ *{ } G Hom i? (5 (7 ,]R+) for every t £ I = [0,1]. The 
only thing we need to check here is that, if both u,—uE S a then ((1 — t ) • x + t -X{o})(w) = 
(1 — t) -x(u) +t -X{qj(m) > 0. This clearly holds since, x(u) > and R + is convex. Thus 
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the map H a : {U a )+ x I — > (t/cr)+ defined as H a (x,t) = (1 —t) - x + t -X{ } is a strong 
deformation retraction of (f/ CT )+ to the point X{o}- 

Furthermore, by definition, the H^s for a £ A are compatible with the inclusions 
{Ut)+ C whenever T < (7 in A. Therefore, since X + is the union of (f/ CT ) + 's for 

a G A, we can glue together the maps {//<t}<7 G a to get a strong deformation retraction H 
of X + to X{ }. Hence the lemma. 

PROPOSITION 2.3. 

Let Abe a smooth fan. We then have the following: 

1. (V (t)+) t£ a) is a stratified space with strata {V (t) + } tg a indexed by the poset A. 

2. Associated to this stratified space we have a simple complex of groups G(A) = 
(G T , Vctt) w/zere r/ze Zocai grot*;? at the stratum V(z) + is G z = Stab(x T ) under the 
action ofT^ = Hom(M, Z2) and y/<j T : G T — > G CT (/or T < (7 in A) are canonical inclu- 
sions and we have a simple morphism (p = ((p T ) : G(A) — > 7-j ~ ZiJ injective at the 
local groups. 

3. For the above simple complex of groups G(A) = (G T , V^tt), direct limit G(A) is iso- 
morphic to W(A). We therefore have a canonical simple morphism l = (i T ) : G(A) — > 
W(A). 

Proof of (I). Since the orbit space decomposition of under the action of 7+ is obtained 
by restriction of scalars from that of under the action of 7c, it follows that (X+,y (t)+) 
is a stratified space with strata V(t)+ indexed by A. 

Proof of (2). Let G T = Stab(x T ) C T2. We then have canonical inclusions, y/ CTT : G T G CT 
whenever T < a in A and, (p T : G T <^-> 72 for every re A. Then G(A) = (G T , i/f aT ) is a 
simple complex of groups over (X + ,V(t) + ) where G T is the local group along the stratum 
y(r) + . Further, <p = (<Pt)tga : G(A) — > 72 is a simple morphism injective at the local 
groups. 

Proof of (3). G(A) is by definition the free product of G T with the relations yozih) = 
h V h G G T whenever T < (7 in A. Thus, G(A) is simply the graph product of the vertex 
groups G Pj ~ Z2 over the graph Sn n A(2) where the vertices of the graph correspond to 

A(l) and the edges correspond to A(2). Therefore, G(A) ~ W(A) and (3) follows. 

Let G be a group for which there exists a simple morphism <p : G(A) — > G, injective at 
the local groups. Then, GxX+/ {(g,x) : g £ G,x £ X+ : (g,x) ~ (g',x') <=>x = x*;g- 
(g 1 )^ 1 £ G T }, where T is the unique cone such that x G G T . Let D(A,<p) = U xe gG/G z . 
Then, D(A, <p) is a poset consisting of pairs (g • G T , t) where % G A and g • G T is a coset of 
G T in G and, D(A, <p) has the partial order, (g ■ G a , a) < (g' ■ G T , t) if and only if a < T 
in A and (g')~ l -g £ G a - 

Lemma 2.4. X is a stratified space over D(A, <p). Furthermore, the T2 action on X is 
strata-preserving, with X + as the strict fundamental domain. 
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Proof. By definition, (T2 x X + / ~) is a stratified space over D(A, <p) such that, the action 
of T2 on 72 xX + / ~ is strata-preserving where, t E T2 takes the stratum (f',V(T) + ) to 
the stratum (tt',V(z) + ). A strict fundamental domain for this action is the copy 1 x X + 
corresponding to the identity element 1 G T2. However, by Proposition 12.11 there is a 
canonical 72-equivariant isomorphism from (T2 x X + )l^ to X. Thus X gets a structure of a 
stratified space over Z)(A, <p) in such a way that, the action of T2 on X is strata-preserving 
and the strict fundamental domain for this action is X + C X. 

Theorem 2.5. 

1. Let D(X + ,(p) and D(X + ,l) denote the developments ofX + with respect to (p and l 
respectively. Then, D(X+,(p) ~ (T 2 x ~ X andD(X+,l) ~ (W x =: £ 
There are strata-preserving actions ofW on D(X + ,l) and of T2 on D(X + ,(p) with 
strict fundamental domain X + . 

2. X is connected if and only if the primitive vectors along the edges of A span N <8>z Z2. 
In particular, X is connected whenever the primitive vectors contain a Z basis for N. 

3. X = W x X + /^ is the universal cover ofX and 7t\ (X) ~ ker(<p), where, <p : W — ► T2 
is the canonical homomorphism induced by (p. 

4. Let h :W — > W a t, ~ Z 2 be the surjective group homomorphism obtained by abeliani- 
sation. Associated to the map h, we have a simple morphism a : G(A) — * Z 2 such that 
a — h. Then, D(X+, a) ~ Z 2 x X+ / ~ « a covering space overX with deck transfor- 
mation group Z 2 ' _ ", it is a covering space ofX and 7t\ (D(X+ , Of)) = [W, W]. 

Proof. To prove this theorem we use Prop. 12.20 of |2|. 

Proof of (1). By Prop. 12.31 the development D(X+, (p) of X+, with respect to the simple 
morphism <p from the simple complex of groups G(A) o\eiX + to T%, is a stratified space 
over D(A, (p) and is isomorphic to T2 x X + / ~ in such a way that, the induced action of 
T2 on T2 x X+/ ~ is identical to that in Lemma l2~4l Hence by Lemma l2~4l D(X + , (p) is 
isomorphic to X as a stratified space and further, the isomorphism is equivariant under the 
strata-preserving action of T2 . Similarly, the development D (X + , 1 ) of X + , with respect to 
the canonical simple morphism 1 from G(A) to W is isomorphic to (W x X + / ~) which 
is a stratified space over the poset D(A, l) and further, there is a strata-preserving action 
of W on D(X+, l) with strict fundamental domain, X+. 

Proof of '(2). From Lemma l2~2l X + is contractible, in particular it is connected. Hence, 
D(X + ,(p) is connected if and only if <p is surjective which is equivalent to the assumption 
that the image of the primitive edge vectors span N®z Z2. This certainly happens if a part 
of the primitive vectors along A(l) form a Z-basis for N. 

Proof of (3). From Lemma l2~2l it follows that, X + is simply connected and the strata of 
X+ are arc wise connected. Further, from Prop. 12.31 we know that G(A) ~ W. Therefore, 
(W x X+l ~) ~ D(X+,i) is the universal cover of X ~ D(X+,<p) and ker(^) ~ K\(X) 
where, <p is the canonical surjective homomorphism induced by (p. 

Proof of (4). Since a — hoi and T% being abelian (p factors through W c ,t,. Therefore, the 
simple morphism a is injective at the local groups and the development D(X+, a) ~ Z 2 x 
X+ 1 ~. The remaining claims of (4) follow simply by the direct application of Prop. 12.20 

ofQ. 
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Remark 2.6(Connectedness of X). If the primitive edge vectors of A(l) do not span 
N ®i la, then X is not connected and the number of connected components of X is 
equal to [N<E>z<^2 ■ <P(W)]. In fact, A is supported on a smaller dimensional lattice and 
therefore, X is isomorphic to X x (R*)(*/ 2 ), where k = [N <Z> Z Z 2 : <p{W)] and X' is 
a connected toric variety of dimension n — k. For example, the real toric variety asso- 
ciated to the fan A = {e\,— «i,{0}} m N = Xe\ ©Ze2 is homeomorphic to S 1 x M* 
and has two connected components S 1 x M. + and S 1 x M~. Indeed, for X to be con- 
nected it is not necessary that the primitive edge vectors should span N for example the 
real toric variety associated to the fan A = {(2ei + 3e2), (ei), {0}} in N = 7Le\ ®TLei, 
is smooth and connected but the edge vectors {2<?i + 3e2, e i} do not form a Z-basis 
for A 7 . 

3. A presentation for pi(X) 

Let X be smooth and connected. In this section we shall give a presentation for 7t\(X) 
with generators and relations defined purely from the combinatorial structure of A. 

Let {vi, . . . , v„} be primitive vectors along A(l) which form a basis for N (E>z ^2 an d 
let . . . ,u„} be the dual basis. Let ajj = (m;,v_/) mod Z2 for 1 < j < d and 1 < i < n. 
Then, A — (ajj) is the characteristic matrix of A with respect to {vi , . . . , v„}. 

For t_ = (h ,...,t„) € Zj, let = f,- + a jA for 1 < i < n,l < j < d and let cf ' <? = r,- + 
ap.i + ciq.i for 1 < ; < n; 1 < p,q < d. We shall denote the vector (£>/),= i,...,,] by V and the 
vector (cf' 9 ) i= i „ by c p - q . 

In the following proposition we will give a presentation for Tt\(X) using the above 
data. 

PROPOSITION 3.1. 

The fundamental group %\{X) has a presentation with generators 

{y j , t :l<j<d\t_={t 1 ,...,t n )eZ n 2 } 

and relations 

U W.(0 0) '^(riA-.o) ' ' ' y n,(ti tn-lfi)} 

\J{yi,ryj, b j\i<j<d} 

U bpi-yqff -y P ,cP-i -y q Mi I {Vp,V q ) G A}. 

Proof. We know from Theorem 12.51 that Jri(X) is isomorphic to the kernel of the sur- 
jective homomorphism <p : W — > r 2 ~ Z^, where W has the presentation (S \ R) for 5 = 
{si,s%, ■ ■ ■ ,$d} and R = {s\,s\, ■ ■ ■ ,s^; (siSj) 2 whenever {v,-, V;} spans a cone in A}. 
We further have the following commuting diagram: 



1 - 


+ F - 


- F(S) 


- z« 2 - 


4 1 




I 


Iv 


II 




1 - 


■+ H - 






■+ 1 
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where F(S) denotes the free group on S, y/ denotes the canonical surjection from F(S) to 
W,H denotes it\(X) and^' = ^ 1 {H). 

Since ST = {s^ ■ s 2 2 • • • s r £ \ (h,t2, ■ ■ ■ ,t n ) £ ZQ} is a Schreier transversal for F 1 in F(S), 
we can apply the Reidemeister-Schreier theorem (cf. |5 13 1) to obtain a presentation for 
%\ (X) from that of W. Let 

S H = {yj. L :l<j<d;t_eZl}, (3.1) 

fij, = {«fl(H)V«e J}, (3.2) 

J«£ = {cfe(r) Vr£R; t_£Z%}, (3.3) 

where := (0,0, ... ,0) £ Z2, (\ : F(S) — » F(Sh) is defined recursively as follows: 

Of (1) := 1; OLt_(sj) = yj s . Suppose that by induction we have defined tttjw) for w £ F(S) 

then, a t _{w-Sj) := a? (w) • at- Sj {sj) where, t - Sj £ Z'j corresponds to the coset representative 

<p(w') £ ^ of F' • w', where w' = // • • • ffy ■ sj. 
Note that, V t_ — (t\ ,f 2 , . . . ,t„) £ Z\ we have 

(i) ao$ = (oco(ii))'i-(a (?1>0i0 )(^2)) f2 • • • (oc (ri;f2 ,... jf;! _ 1 , )(^)) f ", 

(ii) cttjsj) = a L (s J )-a^(s J ), 

(iii) a,_((s p -s q ) 2 ) = atjsp) ■ (Xbp(s q ) ■ cccP,i(s p ) ■ a^(s q ) Vl<j<d. 

It follows from definition (3.2) and from the identity (i) above that 
R H = {a (s'l | t = (t 1 ,t 2 ,...,t n )eZ$} 

_ J W,(0,0,...,0) '^(nA-.O) ' ' • y n,(<i,« 2 ,...,«„_i,o)) 1 

\|r = (*!,£,...,*„) ezg J' 

Also the definition (3.3) and the identities (ii) and (iii) above, imply that 
( a t {s\),... , a,_{s 2 d ) ; 1 
(oCt_(s p Sq) 2 ) whenever {v p , v q } spans a cone in A J 

ypi ■ yq,b p ) ■ yp.cP-i • y q ,m 

^ whenever {v p , v q } spans a cone in A , 

Here,/?/ = ti+ctji VI <j<d; 1 < / < n and q ,<? = ti+a p j + a c/ j V 1 < z < «; l<p,q<d. 

Let 7?^ := U rG ^« Then, from the Reidemeister-Schreier theorem it follows that, 
K\(X) has the presentation {Sh \ R]f', R H )- 

Lemma 3.2. The presentation can be simplified with lesser number of generators and 
relations by expressing the yjj £ Sh as words in S and using the relations in W if we make 
further assumption on A that, {v p ,Vq) £ A for all I < p,q <n. 

Proof. (Xt(sj) = s'l ■ ■ ■ sfy ■ sj ■ (p(s ! l ■ ■ ■ s% ■ Sj) where <p(w) £ 3? is the coset representative 
of F' ■ w for w £ W. Notice further that in W, the {si, . . . ,s„} commute among them- 
selves by our assumption on {vi,V2, . . . ,v n }. Hence we have, q>(s'{ ■ ■ -sty • sj) = s'l +a ' A ■ 



R, 



!i+ a i.2 i _ _ s£ +a i> n f V (f; ,f2, • • • ,f„) £ Z\, This implies that we have the following identi- 



ties: 
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(i) yu = s'l ■ 4 2 • • -4" • (j,-) • 4 1 • 4 2 ■ ■••4" = 1 for a11 1 < ; < «;f e 

(since, an = for all 1 < j < n), 

(ii) yjfl = «o(i ; ) = Sj-s^' 1 -s 2 J ' 2 for all n + l<j<<i, 

(iii) y; >£ = ocjsj) = 4 1 • sf • • • 4" ■ ( Sj ■ s" jj ■ 4 J 2 ■ ■ ■ sT ) ■ s'l ■ 4 ■ ■ • # for dln+l<j<d, 

(iv) y . bi = a bj (sj) = s^ ■ ■ (sj) - j? -4" = (J? -4" ■ • • • • 

Let Sj = Si • s" ;1 • • • s" j '" then, from (ii) and (iii) above, we see that the generators of %\ (X) 
are, {// -i| • • ■ sj," ■ Sj ■ Sj • / 2 2 • • • s^' V n + 1 < y' < <i; V f e Z£}. Further, since fl^ consists 
of words in {yj s _ for 1 < j < n and f e Z?}, from (i) we see that R l H = {1}. Furthermore, 
(iv) implies that the first set of relations in R t _ are of the form {v; £ • (v/*) }> therefore 
they trivially hold in the group 7fi (X). Thus, finally, the number of generators reduce to 
(d — n) ■ 2" and they are: {yj, r for n+ \ < j <d; t_£ Z£} and the non-trivial relations 
are of the form: 7? L = {y p(p ( t ) ■y q< p{bj') '^(cM) -J^pfe*) whenever {v p ,v ? } spans a cone in 
A} V t_ G Z|. Therefore, the final presentation for %\ (X) is (Sh,Rh), where 

Sh = {yj.t where n + 1 < j < d and f 6 Z 2 '}, 

= {yp.ip© 'yqMk p ) 'ypMsp* 9 ) 'y^MW) 

whenever {v p) v q } spans a cone in A} V f £ Z^, 

Further, TC\ (X) is generated as a subgroup of W(A) by s'l ■ ■ ■ sj," • • • ■ ■ s% , where t G Z' 2 ' 
and S,- = Sy ■ s" ;1 ■ ■ ■ s" ; '" for n + 1 < jf < d. 

Remark 3.3. By the classification of two-dimensional smooth complete fans (cf. p. 42 of 
1 10 1 and p. 57 of 1 1 1 1) we observe that, except the torus S 1 x S 1 , all other smooth complete 
real toric surfaces correspond bijectively to the two-dimensional compact non-orientable 
manifolds. This is because, they are obtained by successively blowing up Pj| at T-fixed 
points and are therefore homeomorphic to Pjj# • • • #Pj| (d — 2 copies). However, the clas- 
sical presentation for the fundamental group is apparently different from the presentation 
we have obtained, especially because it has only one relation. In the cases when d = 3 and 
4, where the spaces are Pjj, S 1 x S 1 or the Klein-bottle ~ P^#P^, the presentations we 
give agrees with some of the classical ones. We hope to simplify the presentation given 
above to reduce the number of generators and relations so that in general it agrees with 
the classical cases. 

Remark 3.4. Note that the fundamental group %\ (X) and hence its presentation depends 
only on the 2-skeleton A(2) of A. 

4. The coxeter group W(A) 

In this section we prove some general results on right-angled Coxeter groups and in par- 
ticular for W(A). Let M = (m ;/ ) denote the Coxeter matrix corresponding to W. 

Lemma 4. 1 . \W, W] is abelian if and only if for all 1 < j < d there exists at most one i 
such that (Vi,Vj) £ A 
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Proof. If there exist i ^ k such that {v/,v/} and {vjt,V/} does not span a cone in A then, 
[si,Sj] ■ [s k ,sj] ^ [s h Sj] ■ [s u sj] in [W,W]. 

Conversely, if for each 1 < j < d, there exists at most one i such that (v/,v,-) ^ A then, 
using the relations in W, it is easy to see that for any word w G W, w ■ [s,,Sj] ■ w^ 1 = 
[si,Sj] or [«/,«;]. (It is [sj,si\ iff either one of Sj or sj but not both occurs in the reduced 
expression of w.) Now, [W, W] is the normal subgroup of W generated by the commutators 
{[•S;,s/] | (v,-,vy) ^ A}. Therefore, under the above assumption, {[«/,.$/] | (vj,vy) ^ A} in 
fact generate [W, W] as a subgroup of W. Further, since they commute among themselves, 
[W, W] is abelian. 

Lemma 4.2. A word w G W is of finite order if and only if it is of order 2. Moreover, in 
this case, w is a conjugate in W to a word w' which is of the form, w' = Sy, • • • sj { with 
s ip- s j q = s j q - s i P V1 < PA < I- 

Proof. Suppose w — v ■ w' ■ v _1 where, w' is as above and v G W. Then w is clearly of 
order 2. On the other hand, if w is not of the above form then the reduced expression for 
w is of the form w = s;, ■ ■ -si k where si and s,- do not commute for some 1 < p,q < k. 
Indeed, by repeatedly using the relation s, ■ sj — sj ■ Sj whenever my = 2, we can assume 
without loss of generality that, up to conjugation w is of the form s,-, ■ s, 2 • • -if, , where 
and Si k do not commute. Then it follows that, for any positive integer r, w r — (si } ■ ■ ■ Si k ) ■ 
{ s h ■"%)"' ( s 't ' ' ' s k ) i s m f act a reduced expression in W. Hence, w is of infinite order. 

Lemma 4.3. Let w = s^ ■ ■ ■ si k G W, where (v;, , . . . ,vu) G A and let w' — ■ ■ ■ Sj, where, 
{vj p ,Vj q ) G A for all 1 < p,q < I but (v 7l ,...,vy ; ) ^ A. Then, w N(w'), where N(w') is 
the normal subgroup generated by w' in W. 

Proof. Suppose on the contrary w = v\ ■ w' ■ v^ 1 ■ V2 ■ w' ■ v^ 1 • ■ ■ v r ■ w' ■ v~ l for some 
vi,V2,...v r G W. By Lemma l4~2l we know that (w 1 ) 2 — 1. Hence, the above expression 
can be rewritten as 

1. w = [vi,w'] • [w',V2] • [v3,w'] • • • [w',v r ] if t is even, 

2. w — [vi , w'\ ■ [w', V2\ ■ ■ ■ [v r , w'] ■ w' if r is odd. 

This implies that, w G [W, W] if r is even and w -w' — w ■ (w') 1 G [W, W] if r is odd. 

Now let h : W — > t> e tne abelianisation map which takes sj to the coordinate vec- 
tor ej = (0,0, . . . , 1, . . . ,0) (with 1 at the /'th position). Also, by our choice of w and w' 
we observe that, {s,-, , . . . ,Si k } and {sj l ,...,Sj,} pairwise commute in W and the tuples 
(/[,..., i k ) and (;'!,... , ) are distinct. 

Therefore, h(w) = Z k p=l e ip ^ (0,...,0) when r is even and h(w ■ w') — Y. ,ei + 
Y} q=l ej q ^ (0, ... ,0) when r is odd. This is a contradiction since on the other hand, w and 
w ■ G [W, W] when r is even and r is odd respectively. This proves the lemma. 

Remark A A. Lemma |4~TI if phrased differently will be: is abelian if and only if 

there exists at most one i for every j such that ntij ^ 2, holds not just for right-angled 
Coxeter groups, but for more general class of Coxeter groups with my = 2 or m, ; > 
5 V/,;'. 
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5. Criterion for pi(X) to be abelian 

Let X be smooth and connected. In the following theorem we give conditions on A under 
which K\(X) is abelian. We shall follow the notations in §3 and further assume that 
(v p ,Vq) £ A for every 1 < p,q < n as in Lemma l3~2l 

Theorem 5.1 . K\ (X) is abelian if and only if one of the following holds in A. 

1. For every 1 < i,j < d, {v,-,V;} spans a cone in A. In this case, 7l\(X) is isomorphic to 

2. For each 1 < j <d there exists at most one i — ij with 1 < ij < n such that, {v,v , vy} 
does not span a cone in A and (itjj,Vj) = 1 mod 2. Further, for each n + 1 < k < d 
such that k ^ j we have, (k,-. , v k ) —Q mod 2. 

Proof. Recall that we have an exact sequence, 1 — > — > 7i\(X) — > Zj~" — > 1 and 
further, is generated as a normal subgroup of W by [si p ,Sj ] whenever {v; ,V; } 

does not span a cone in A. 

Step 1. Since is a subgroup of K\{X), if Tl\{X) is abelian then must be 

abelian. By Lemma |4~T1 [W, W] is abelian if and only if for every vj there exists at most 
one v, such that {vj, v,-} does not span a cone in A. 

Further, = {1} if and only if any two {v;,Vi} for 1 < i,j < d spans a cone in A 

which implies that, W ~ Zf and 7Ti(X) ~ z£~". 

S'fe/? 2. On the other hand, if ^ {1} then there exists {vj, v,} which does not span 

a cone in A. However, since [W, W] is abelian, this i = ij must be unique for every such j. 
Thus, in W, sj and s,-. do not commute but they both commute with s k for every 1 < k < n. 

Step 3. Suppose now that, for some n + 1 < j < d we have n + 1 < ij < d, then fti (X) is 
non-abelian for if Sj denotes the word Sj ■ s" J ' [ ■ ■ ■ s" J ' n in W then, 

j y — Sj-Sij-s^ • • • s n ■ s j • ■ • s n 

Hence if 7Ti (X) is abelian then, for every n + 1 < j < d there is a unique index ij such 
that (vj,Vij) ^ A and further, 1 < ij < n. 

Step 4. Now, if for some n + 1 < k < d with A: 7^ 7 we have a^/. = (n,-,Vfy) mod Z2 = 1, 
then 7Ti(X) is non-abelian. This is because, if w = [Si^Sj] £ 7Ti(X) then 1 which we 
can see by the following cases: 



If a k,i k 


= and a,- 


= 0, then w = 






^1- 




If a k j k 


= 1 and aju 


= 1 , then w = 


[s, 


■p'j] 






If a k j k 


= 1 and flyy. 


= 0, then w = 


[s, 


p s j] 


■ 




If ak,i k 


= and ay t 


— 1 , then w = 


[* 


>>«/] 




^1 



(Here we omit the proofs of the assertion that w ^ 1 in each case, as it follows easily 
from the relations in W). 
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Step 5. If aj jj = 0, then again %\ (X) is non-abelian since, the elements ■ Sj ■ Sij and Sj 
do not commute in 7i\ (X). This is because, by Lemma l4~2l , sj\ is an element of infinite 
order in W and hence, (s, \. -Sj- s fj )-Sj 1 = [.?,-. ,Sj]^[sj, s tj } = Sj 1 • (s fj • S/ • ) . 

Step 6. Therefore, if 7t\(X) is abelian and ^ 1, then it is necessary that the follow- 

ing conditions must hold: 

For every 1 < j < d, there exists a unique index ij with 1 < ij < n such that {v/,V;.} 
does not span a cone in A and aj jj = 1 . Further, for every n + 1 < k <d such that 7^ j, 
we have a^. = 0. 

We shall now prove that these conditions are in fact sufficient for %\ (X) to be abelian. 
Claim. 

(i) Sj and S^ commute for n + 1 < j,k < d. 

(ii) w • • w~ 1 and Sj commute where, w = s{ ■■■s'^' for every t = (t\ ,...,?«) € and 
«+!<./'< ^- 



Proof of the Claim. 

W • = S; • • i"' 1 • • • s" ; '" • s j*' 1 • • • sj,'*'" {since a,- ^ = by assumption} 

= Sk ■ Sj ■ s^' 1 ■ ■ ■ s"„'' n ■ Sj*' 1 • • • s"n' n {since k ^ ij} 
= jfij' •••*«' -Sj-s^ •••*« {since a^j. = by assumption) 
= S k -Sj. 

(ii) Let w = // • • • 4' such that (h , ? 2 , • • • ,t„) € Z!J. 

' ^ • • • ) • (5ft • • • # ) = Z . 



(a) If f/. = 0, then z = sj ■ s" iA ■ ■ ■ s" n in = Sj {since Sj -w = w ■ Sj}. Thus w ■ Sj ■ w 1 = Sj. 

(b) If t j t . = 1 , then z = s,- . • s • s/' 1 • • • • £>• . = i,- . • S ,• • £>• . . Further, 

J ] J * J J J J 

(w ■ Sj • w~ l ) • (Sj) = si. ■ Sj ■ si. ■ Sj 

= S{. ■ sj ■ s" hl ■ ■ ■ ■ ■ s", JJ ' ■ Sj {since aj tij = 1 } 
= s ir s l r si j = l. 



This implies that, w-Sj-w = S > 



-1 



Hence, w ■ Sj ■ w commutes with S 1 * for all n + 1 < fk < d, since we have either w ■ 
Sj ■ w^ 1 = Sj or Sj 1 in each of the cases. Therefore, since the generators commute among 
themselves, we conclude that %\ (X) is abelian. 

Remark 5.2. If A is complete, then the condition ajj. = 1 will be forced after Step 4 in 
which case, we shall skip Step 5. However this is not true in general for example, in the 
non-complete fan A = {{0}, (ei,e2), (— 2ei + e2)} in N = Ze\ © 1e2- 
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Remark 5 3. {Torsion elements). By Lemma l4~2l since K\(X) is a subgroup of W, the 
torsion elements in 7t\(X) are always of order 2. In particular, when 7i\(X) is abelian, 
Sj = Sj-s^' 1 ■ ■ ■ s,/'" for n + 1 < < is of order 2 iff (vy, v,-) 6 A for all 1 < i < n and it 
is of infinite order iff there exists a unique 1 < z'y < n such that (vy,V/.) ^ A since in this 
case, fl> ,, . = 1 and Sj = [sj, Sij } ^ 1 in [W,W] C W. 

Remark 5 A. If 7Ti(X) is abelian then %\{X) is generated by Sj — sj ■ s"^' 1 ■■■s" 1 i '" for 
n+ 1 < j < d. Let {71,72, • • -,jV} = ■/ = | « + 1 < < d and (vy,v,-.) ^ A for some 
1 < ij < n). Therefore, if j £ J then, (v/,Vj) G A for every 1 < i < n. Thus, it\{X) ~ 
Z*-"- r @Z r where, 71 = (S jp = s jp -j*** 1 • • -s^'" for 1 < /> < r). Furthermore, = 

(I 5 ;'/)'' 5 /^',,)] = ^ f° r l</'<''}cWisa free abelian of rank r. We therefore have the 
following commuting diagram 

1 — » — ► wiQT) — » Z^" — ► 1 

II II II 

1 — ► z r z r ®z(-"- r — ► z$ezf _B_ ' — ► 1 

Remark 5.5. If TTi (X) is abelian then necessarily d <2n because, to every n + 1 < j < 
d, we associate a unique z'y with 1 < z'y < n. Examples of toric varieties with abelian 
fundamental group are: (i) products of real projective spaces, (ii) toric bundles with base as 
aspherical toric variety with abelian fundamental group and fibre Pjj^ for n>2. (However, 
this is not true for a non-trivial bundle with fibre P^ for example, 7Z\ ( (Fj )r) is non-abelian 
where (Fi )r denotes the real part of the Hirzebruch surface Fi .) 

6. Asphericity of X 

Let S N := (NyL - {0})/R>o and % : A% - {0} — > Sn be the projection. Let .y A denote 
the simplicial complex associated to the smooth fan A, where each ^-dimensional o~ S A 
corresponds to a (k — 1 )-dimensional spherical simplex 7r(o~ — {0}). If further we assume 
A to be complete, then it gives rise to a triangulation of Sn (cf. p. 52 of [ 14 1). 

Recall that a simplicial complex 5? with vertices "f = {v/} is called a flag complex if 
the following condition holds for every finite subset {vj,V2, ■ ■ ■ ,v„} of "V: If {Vi,Vj} span 
a simplex in for all i,j € {1,2, . . . ,n} then {vi,V2, . . . ,V n } span a simplex of 5? . 

Hence, is a flag complex if and only if for every collection of primitive edge vectors 
{ v,-, , . . . , Vi r }, if { (vi k , v,y) £ A V 1 < fc, / < r} then (v,-, , . . . , v,- r } e A. We shall say that A is 
flag-like whenever is a flag complex. 

Theorem 6.1 . X is aspherical if and only if A is flag-like. 

Proof. If X is contractible then we claim that A is flag-like. 

Suppose on the contrary, A is not flag-like. Then, 3 {vj l ,...,vj,} such that V 1 < p, q < 
l > (vj P ,Vj q ) eAbut, (vj 1 ,...,Vj l ) ^ A. 

Let w' = sy, . . . sy, 6ff and let N(w') be the normal subgroup of W generated by w' as in 
Lemma l4~3l Also let 9 : W — > W /N(w') be the canonical surjection. Clearly, A = (A T = o 
i T ) is a simple morphism from G(A) — * W/N(w'). Further, Lemma l4~3l imr>lies that, A T : 
G T C T2 — > W/N(w') is injective V T 6 A. Hence, A is injective at the local groups. Now, 
the development D(Xf,A) of X + with respect to A, has D(X+,i) ~ X as the universal 
cover and its fundamental group 7Ti(Z)(X + ,A) ~ iV(w') has w' as a torsion element. This 
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is a contradiction since D(X+,X) is a K(n, 1) space, because of our assumption that X is 
contractible. 

For proving the converse, we apply Corollary 10.3 of the main result of |7| to the 
reflection system (T = W,V = S) on M = X with fundamental chamber Q — X+ (which 
is contractible by Lemma l2~2l . Here, for every T C 5, Qt = ^sj&rV{Pj)+- Let Wj be the 
subgroup generated by T in W. Then, the following statements are equivalent: 

1 . Qt is acyclic for all T C 5 with Wr finite. 

2. A is flag-like. 

Proof of (I) (2). Let p 7l , . . . ,p 7; be edges such that {pj p ,Pj„} spans a cone in A for all 
1 < P,q < Then, (1) implies that Q T = n' =i y(p /r ) + = V(t) + is non-empty since, by 
Lemma l4~2l Wj = {sj t ■ ••Sj l ) is a finite subgroupof W. This implies that, x = (pj l , . . . ,pj t ) 
is a non-empty cone in A. 

Proof of {2) (1). Let T = {sj l , . . . ,Sj,} C 5 be such that Wr is finite. Then, in particular, 
w' = s/j • ■ ■ Sj, is an element of finite order in W. By Lemma l4!2l the edge vectors Vj l . . . , Vj, 
pairwise span cones in A. The assumption (2) further implies that, v ;i , . . . , vj, together 
span a cone T in A. Thus, Qt = f) l r=1 V(pj r )+ = V(t)+ is non-empty. Moreover, V(x) 
being a smooth toric variety, its non-negative part V(t)+ is contractible by Lemma l2~2l 
and is hence acyclic if it is non-empty. 

We therefore conclude from Corollary 10.3 of |7| that, if A is a flag-like then M = X is 
contractible. 

Remark 6.2. In fact, since (1) (2) above, it is clear that Corollary 10.3 of Q also 
proves the first implication of the above theorem. However, in our particular case (where 
W is a right-angled Coxeter group), the argument given above is self-contained and is an 
application of the 'method of development' which is consistent with the theme of this 
paper. 

The following are some corollaries of the above theorem. 
COROLLARY 6.3. 

IfX is aspherical then V(x) is asphericalfor every cone X. 

Proof. This is immediate because, V(x) is the toric variety associated to the fan Star(r) 
which by definition (cf. p. 52 of Il0|) is smooth and flag-like whenever A is smooth and 
flag-like. A proof for this is as follows: Let pTj", . . . 1 'pT k be edge vectors which pairwise 
span cones in Star(r). Therefore by the definition of Star(r), the edges of X and p (1 , . . . pi k 
pairwise span cones in A. Since A is flag-like, this implies that y= (x,pt l . . . ,p, t ) is a cone 
in A and hence, y= (pTJ", . . . ,/\) is a cone in Star(f). Thus, Star(r) is flag-like. 

COROLLARY 6.4. 

Let X be smooth and complete. We can blow upX along a number of T -stable subvarieties 
to get a smooth complete toric variety X' which is aspherical. 
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Proof. Since A is a smooth and complete fan, is a simplicial decomposition of the 
sphere Sn. It is known that the barycentric subdivision of any simplicial complex is a flag 
complex (cf. |2|, p. 210). Therefore, if A' is the refinement of A obtained by taking the 
cones over the simplices in the barycentric subdivision of J?a, then A' is a flag-like fan. 
It is not difficult to see that A' is also smooth and complete. Hence, the smooth complete 
toric variety X (A') which is obtained by blowing up X along certain T-stable subvarieties 
is aspherical. 

Remark 6.5. However, in some cases we need lesser number of blow ups to arrive at an 
aspherical space. For e.g. (i) Pj| blown up at a T-fixed point is the Hirzebruch surface 
(Fi)r (the Klein-bottle) and (Fi)r is aspherical. (ii) Pj| x S 1 needs to be blown up along 
a T-stable to get an aspherical space (Fi)r x S 1 . 



7. Subspace arrangement related to A 

Throughout this section we assume that A is a smooth and complete fan. 

In this section we define a real subspace arrangement associated to A whose comple- 
ment in R d is denoted by Recall from that, X c ~ X' c /{C*) d '" where, X' c is the 
complement of a complex subspace arrangement in C . By restricting scalars to M in the 
above quotient, we show that X ~ (K*) " where ^a — XL. We compute the funda- 
mental group of an d a ls° gi ye necessary and sufficient conditions for it to be a K(n, 1) 
space. 

DEFINITION 7.1. 

A collection & = {p !p p, 2 , . . . ,pj k } of edges in A is called a primitive collection if 
{Pi \ j Pi'2> • • • i Pit } together does not span a cone in A but every proper subcollection of & 
spans a cone in A. For the primitive collection & let szi (P) — { (x\ . . . ,Xd) € K- d | x,-, = Xj 2 = ■ ■ 

DEFINITION 7.2. 

(i) The coordinate subspace arrangement in W 1 corresponding to a fan A denoted by jz4 
is defined as follows: ja4 = U^£/(^ > ), where the union is taken over all primitive 
collections £P of edges in A. 
(ii) Let denote the complement of ja4 in M d , i.e. := K'' — stf\. 

Let &2, ■ ■ ■ , &r} be the set of all primitive collections in A consisting of two 
edges. Let ^ = {Pi p ,Pi q } where 1 < i p ,i q <d V 1 < i< r. 

The following lemma generalizes the description of a smooth complete complex toric 
variety as given in 1 6 1 and 1 1 1 to the corresponding real and non-negative parts. Although 
this follows almost immediately from the complex case, we give a proof for it since we 
have not seen the result mentioned anywhere explicitly. 

Lemma 7.3. The real toric variety X corresponding to a smooth complete fan A is the 
geometric quotient of c (?t± by the real algebraic torus (R* ) d ~" and we have a locally trivial 
principal bundle with total space ^a, base X and structure group (M.*) d ~", i.e., - * 
tf A /(R*) d - n ~ X. Similarly, X+ ~ {tf A ) + / (R + ) d -". 
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Proof. Let a — (v\ . . . , v n ) G A(n) be such that {vi,. . . ,v„} form a Z basis for N. Let 
{mi, . . . ,u n } be the dual basis. Let N" ~ Z"*""; AT' ~ If 1 and let {e^. : 1 < ; < d}, {e\ : 
1 < k < d — n} denote the natural bases of N' and N" respectively. Further, let g : N' — > N 
map e'j to V/ for every 1 < j < d and let / : N" <-^> N' be the map which takes e^-z+i to 
e'- — (^" = i (wf, Vj) ■ e'j) for every n+ 1 < j <d. From the results of 1 6 1 we know that there 
is an exact sequence of fans: 

— » (A",JV") <L (A',N') -L> (A,N) — » 0, 

where A" = {0} and A' is the fan consisting of the cones x' = (e^ , . . . ,e'j ) corresponding 
to every z — (v,-, ,Vj k ) G A. Observe that, the real toric varieties corresponding to A" 
and A' are X(A") ~ (K*) J -" and X(A') ~ W 1 - Z respectively, where Z is the zero locus 
in M. d of the monomials — Yl p ^ a x p for every a G A. Moreover, it is easy to see that 
W 1 — Z is also isomorphic to the complement of the subspace arrangement W 1 — = c ^a 
defined above (cf. p. 130 of |4|). Hence, from the above exact sequence of fans, we see 
that the smooth complete real toric variety X is the base space of a principal bundle with 
total space {W 1 -Z) ~ {W 1 - */ A ) ~ ^ A and structure group (R*) d -"(cf. p. 59 of E| and 
p. 27 of 1 6 1). Similarly, by restricting to the non-negative parts we see that X + is the base 
space of a principal fibre bundle with total space W\_ — Z + and structure group (R + ) d ~". 
Thus we have the following: 

X ~ (M c/ -Z)/(R*) d -" ~ tf A /(R*) d -", 
X+ ~ R d + -Z + /(R + ) d -" ~ (^a)+/(K + )' /_ "- 

Remark 7.4. Note that the only property of a smooth and complete fan which we use in 
the above proof is that {vi, . . . , v„} form a Z basis of N. Thus Lemma 1731 is true even 
for a smooth (not necessarily complete) fan A, for which the primitive vectors along A(l) 
contains a Z basis for N. 

Lemma 7.5. TTi(^a) isomorphic to the commutator subgroup \W,W] of the Coxeter 
group W defined in §2, which is generated as a normal subgroup ofW by f or 
l<i<r where, @>i = {p ip , p iq } V 1 < i < r. 

Proof. From Lemma Owe know that X ~ tf A /(W) d -". Moreover, since (R*) d -" ~ 
(R + ) d ~ n x Zj - ", = c € A j (R + ) d ~ n is a regular covering space over X with deck trans- 
formation group Z d -". In fact, it is the same covering space of X as in Theoreml23l4). 
Also observe that C € A and X\ are of the same homotopy type since ^ A is a fibre bundle 
overXj with contractible fibre (R. + ) rf ~". Therefore we have, %\ & A ) — [W,W]. 

In the following theorem we shall find the necessary and sufficient conditions on A and 
hence on the arrangement stf A , under which % is aspherical. 

Theorem 7.6. C € A is aspherical if and only if srf A is a union of precisely codimension 2 
subspaces. 

Proof. Since *€ A is of the homotopy type of a finite regular covering space over X, it fol- 
lows that X is aspherical if and only if is aspherical. From Theorem l6. li the necessary 
and sufficient condition for X to be aspherical is that A is flag-like. Therefore, it suffices 
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to show that A is flag-like if and only if £?a is a union of precisely codimension two sub- 
spaces. 

Now, by Definition 7.1, the condition for A to be flag-like is equivalent to the condition 
that in A there are no primitive collections consisting of more than two edges. Also by 
Definition 7.2, s^a — U^^«, where the union is over primitive collections in A and 
where sio? is a subspace in W 1 of codimension precisely equal to the number of edges 
in J 2 . Thus, A is flag-like if and only if ja4 = U^a. I 0^(^ a ! -) where the union runs over the 
primitive collections { &\ & r } consisting of two edges or equivalently, s$a is a union 
of codimension two subspaces. Hence the theorem. 

Remark 7.7 (K(n, \ )-arrangements). The barycentric subdivision of any simplicial com- 
plex is a flag complex. Hence, given a smooth complete fan A, we can obtain several 
smooth complete flag-like fans whose cones are the cones over the simplices of the 
repeated barycentric subdivisions of ,? \. We therefore get several examples of K(n, 1) 
arrangements finding which seems to be of interest in the topology of arrangements (cf. 
1 15 1 and HI 21 ). However, note that even if we start with a flag-complex, an arbitrary sub- 
division need not result in a flag-complex. For example, let A be the fan consisting of the 
faces of a = {e\,e2,ej) in N = 1e\ © Ze2 ©Ze3. If we refine A by adding the edge vec- 
tor through v = <?i +e2 + <?3, then the resulting fan A' is not flag-like since, ei,e2,ei,v 
pairwise span cones in A' but together do not span any cone. 

Remark 7.8. Indeed, both Lemma l731 and Theorem l7 .6l follow directly from the fact that 
is a smooth non-complete toric variety associated to the fan A' = {(ey, ,...,ej k ) for 
every cone T = (vu , ■ ■ ■ , Vj k ) € A} in jV' = 7Le\ © • • • © Ze^ (cf. Lemma 1731 and applying 
Theorems l2.5l and l6. II However, since % nas been defined specifically as the complement 
of real coordinate subspace arrangement related to a smooth complete fan A, we therefore 
describe both its fundamental group and criterion for asphericity using A. 

Remark 7.9. Since ^ is the toric variety associated to the fan A', we can apply Theo- 
rems 13 . 1 I and l4. 1 [ respectively to give a presentation for %\ C&a) ar, d gi ye conditions on A' 
for it to be abelian. In particular, it follows from Theorems l7.6l and l4. ll that % is K(n, 1) 
with 7Z\ {^a) abelian, if and only if it is the complement of subspaces of codimension pre- 
cisely 2 which pairwise intersect at {0}. Moreover, it also follows from Lemma l4~2l that 
^i(^a) = [W,W] is always torsion free. 
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